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Abstract. The Apery polynomials are given by 

^M = EG)T;V*' (n=0,l,2,...). 

k = 

(Those A n = A n (l) are Apery numbers.) Let p be an odd prime. We 
show that 

p — 1 p— 1 /2fe\3 

£(-l) fe A fc (z) = J2 MP 2 ), 

fc=0 fc=0 



and that 



p-1 . . p-1 ( 4fc 



v—*- / \ y— * ( 4fe ) 

VP/ ^ (256a;) fe 



fe=0 XJ ^ / fe=0 

for any p-adic integer x ^ (mod p) . This enables us to determine explic- 
it^ Efe=o( ±:L ) fe ^fe mod P> and EfeloC- 1 )^^ mod P 2 in the case P = 2 
(mod 3). Another consequence states that 

1 r Ax 2 - 2p (mod p 2 ) if p = a; 2 + 4y 2 (as, y G Z), 



£(-l) fc A fc (-2)={ 
fc=o I 



(mod p 2 ) ifp = 3 (mod 4). 



We also prove that for any prime p > 3 we have 



p-1 7 

53(2fc + l)A fe =p+ -p 4 Bp-3 (modp 5 ) 

fe=0 



where _Bq; -Bi, i?2, ■ • • are Bernoulli numbers. 
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1. Introduction 
The well-known Apery numbers given by 

^-SO'C:*)" - s C-±*)"(D" *— - 

play a central role in Apery's proof of the irrationality of £(3) = J^^Li V 77 - 3 
(see Apery [Ap] and van der Poorten [Po]). They also have close connec- 
tions to modular forms (cf. Ono [O, pp. 198-203]). The Dedekind eta 
function in the theory of modular forms is defined by 

oo 

rj( T ) = q 1 / 24 J] (1 - q n ) with q = e 2niT , 

n=l 

where r 6 1 = {z G C : Im(z) > 0} and hence \q\ < 1. In 1987 Beukers 
[B] conjectured that 

■^(p-i)/2 = a (f) (mod p 2 ) for any prime p > 3, 
where a(n) (n = 1,2,3,...) are given by 

oo oo 

r ? 4 (2r)r ? 4 (4r) = g J] (1 - q 2n )\l - g 4 -) 4 = £ a(n) ? ». 

n=l n=l 

This was finally confirmed by Ahlgren and Ono [AO] in 2000. 
We define Apery polynomials by 

fc=0 v 7 v 7 fc=0 v / \ / 

Clearly A n (l) = A n . Motivated by the Apery polynomials, we also intro- 
duce a new kind of polynomials: 

fc=0 v 7 v 7 fc=0 v 7 v 7 

Recall that Bernoulli numbers B , Bi, £? 2 , • • • are rational numbers given 



by 



n (n 4- 1\ 

S = l and k \B k = for n e Z+ = {1, 2, 3, . . . }. 

k=0 ^ 7 
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It is well known that B 2n+1 = for all n G Z+ and 



—— = J2B n -r (\x\<2tt) 
e x — 1 n\ 



n=0 

Also, Euler numbers Eo, E\, E 2 , . . . are integers defined by 

E Q = 1 and ^(T) E n-k = for n G Z + . 

k=o ^ ' 

1\k 



It is well known that E 2n+ i = for all n G N and 

(2nj 



secx=J2(-irE 2 * (N<|)- 



n=0 

Now we state our first theorem. 
Theorem 1.1. (i) Let p be an odd prime. Then 

16* 



^(-l) fc A fc (o:) = ^(-l)^(-x) = ^AAL^ ( mo dp 2 ). (1.3) 



fc=0 fc=0 fc=0 

Also, for any p-adic integer x ^ (mod p), we have 
p—i p— l 

^A fc (a;)=£V fc (aO (modp 2 ) 

fc=0 fc=0 

p-1 / 4fc \ 



where (— ) denotes the Legendre symbol. 
(ii) For any positive integer n we have 



£<^->-g(v)cr) raff)- ™ 



fc=0 fc=0 

If p > 3 is a prime, then 
p-i 



(1.4) 



^(2£; + 1) A* = p + ^p 4 B p _ 3 (mod p 5 ) (1.6) 



fc=0 
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and 

p-i 



J2(^ + l)A k (-l)=(—\p-p 3 E p _ 3 (mod/). (1.7) 
k=o \ P / 

(iii) Given e G {±1} and m G Z + 7 /or any prime p we have 
p-i 

J2( 2k + l ) £kA k = ( mod P)- 

k=0 



Remark 1.1. (i) Let p be an odd prime. The author [Sul, Su2] had conjec- 
tures on Y%=o Ck) 3 / mk mod P 2 with rn=l, -8, 16, -64, 256, -512, 4096. 
Motivated by the author's conjectures on Y^k=o Ak(x) mod p 2 with x = 
1, —4,9 in an initial version of this paper, Guo and Zeng [GZ, Theorem 
5.1] recently showed that 

P-1 (p-1)/2 , , ou \ /oU\ 2 

E^w- E ft"*)®** <-^ 2 )- 

fc=0 fc=0 v 1 / \ / 

(ii) The values of 



^ n— 1 

= - Y(2k + l)A k G Z 



k=0 

with n = 1, . . . , 8 are 

1, 8, 127, 2624, 61501, 1552760, 41186755, 1131614720 

respectively. On June 6, 2011 Richard Penner informed the author an 
interesting application of (1.5): (1.5) with x = 1 implies that s n is the trace 
of the inverse of nH n where H n refers to the Hilbert matrix ( ^pzx )i^,ja$n- 

Can we find integers ao> fl i> fl 2> • • • such that Ylk=o a k = 4x 2 — 2p 
(mod p 2 ) if p = x 2 + y 2 is a prime with a; odd and y even? The following 
corollary provides an affirmative answer! 

Corollary 1.1. Let p be any odd prime. Then 
p—i p— l 



£(-l)^ fc (-2) = £(-l)^ fc Q) 

fc=0 fc=o ' ' ' 



Ax 2 — 2p (mod p 2 ) if p = 1 (mod 4) & p = x 2 + y 2 (2 f x), 
(mod p 2 ) i/p = 3 (mod 4). 



(1.8) 
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Proof. It is known (cf. Ishikawa [I]) that 

Ck) - \ 4x2 ~ 2 p ( mod p 2 ) if p = 1 ( mod 4 ) & p = x2 + y 2 ( 2 \ x )i 



fc=0 



64 fc [ (mod p 2 ) if p = 3 (mod 4). 



The author conjectured that we can replace 64 fc by (— 8) k in the congru- 
ence, and this was recently confirmed by Z. H. Sun [S3]. So, applying (1.3) 
with x = -2, 1/4 we obtain (1.8). □ 

Corollary 1.2. Let p be an odd prime. Then 

p-i 

^A k =c{p) (modp) (1.9) 

k=0 

where 

4x 2 - 2p ifp = 1,3 (mod 8) & p = x 2 + 2y 2 (x, y e Z), 
^(ir) = - 1 ' *-e.,P = 5,7 (mod8). 



c(p) := 



p— i / \ p — i 



j — n \ f / r._n \ / 



£;=0 x r ' k=0 

4x 2 — 2p (mod p) if p = 1 (mod 3) and p = + 3y 2 (x, y e Z), 

(mod p 2 ) z/p = 2 (mod 3). 

(1.10) 

Proo/. By [M95] and [Su3], we have 

p-l I 4k \ 

E\k,k,k,k) / \ / j 2\ 

256 fc = C W ( m ° d P ) 

k=0 

as conjectured in [RV]. (Here we only need the mod p version which was 
proved in [M95].) So (1.9) follows from (1.4). The author [Su2] conjectured 
that 

P-l f2k\ S / 1 \ p-i /2fc\ 3 



IQk \ p I 256 k 

k=0 \ r / k=Q 

4x 2 - 2p (mod p 2 ) if p = 1 (mod 3) and p = x 2 + 3y 2 (x, y e Z), 
0(modp 2 ) ifp = 2(mod3). 

This was confirmed by Z. H. Sun [S3] in the case p = 2 (mod 3), and the 
mod p version in the case p = 1 (mod 3) follows from (4)-(5) in Ahlgren 
[A, Theorem 5]. So we get (1.10) by applying (1.3) with x = 1, 1/16. □ 

Remark 1.2. The author conjectured that (1.9) also holds modulo p 2 , and 
that (1.10) is also valid modulo p 2 in the case p = 1 (mod 3). 
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Corollary 1.3. For any odd prime p and integer x, we have 
p-i 



J2(^ + l)A k (x)=p(-^j (mod/). (1.11) 
fc=o ^ 7 



Proof. This follows from (1.5) in the case n = p, for, p | (J^J for every 
k = 0, . . . , (p - 3)/2, and p | ( 2 fc fc ) for all fc = (p + l)/2, . . . ,p - 1. □ 

We deduce Theorem 1.1 (i) from our following result which has its own 
interest. 

Theorem 1.2. Let p be an odd prime and let x be any p-adic integer. 

(i) If x = 2k (mod p) with k G {0, ... , (p — l)/2}, t/ien we have 

EWQW 1 )*© Hodp 2 ). (1.12) 

(ii) If x = k (mod p) w;i£/i fe e {0, . . . ,p — 1}, #ien 

r=0 



Remark 1.3. In contrast with (1.12) and (1.13), we recall the following 
identities (cf. [G, (3.32) and (3.66)]): 

i><)^-<") and £(;)'-£)■ 

fc=0 v 7 v 7 fc=0 v 7 v 7 

Corollary 1.4. Let p be an odd prime. 

(i) (Conjectured in [RV] and proved in [M03]) We have 

P-l /2fc\ 2 



£%Mt) (modp2) ' 

fc=0 \ / 



(ii) (Conjectured by the author [Sul] and confirmed in [S2]) If p = 1 
(mod 4) and p = + y 2 wt/i a; = 1 (mod 4) and y = (mod 2), t/ien 

Er|t s( - 1)<! '" )/4 ( 2l -£) (modp2) ' (L14) 

fc=0 1 J 
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Proof. Since ( _1 / 2 ) = ( 2 r r )/(-4) r for all r = 0, 1, . . . , applying (1.13) with 
x = —1/2 and k = (p — l)/2 we immediately get the congruence in part 

(i)- 

When p = x 2 + y 2 with x = 1 (mod 4) and y = (mod 2), by (1.12) 
with x = — 1/2 and fc= (p-l)/2 we have 

P-1 /2r^2 . , . f(p-l)/2\ 

\- UJ _/ n (p-l)/4/ "I/ 2 \ _ l(p-l)/4j 

^(-16)^ J W-lW 4CP-D/4 

= (_l)(p-i)/4 - |-) (mod p 2 ) (by [CDE] or [BEW]). 

This proves (1.14). □ 

Corollary 1.5. Let a n := Ylk=o ^kf^k for n = 0,1,2,..., where C k 
denotes the Catalan number ( 2 k k )/(k + 1) = ( 2 fc fc ) — ( k 2 +1 )- Then, for any 
odd prime p we have 

aiH ha p _i = (mod p 2 ). (1.15) 



Remark 1.4. We find no prime p ^ 5, 000 with Ylk=i a fc = (mod p 3 ) and 



no composite number n < 70,000 satisfying Ylk=i a k = (mod n 2 ). We 
conjecture that (1.15) holds for no composite p > 1. 

The author [Sul, Remark 1.2] conjectured that for any prime p > 5 
with p = 1 (mod 4) we have 

P a -1 k 3(2k\ 3 

J2^- = (modp 2a ) fara=l,2,3 

A;=0 

This was recently confirmed by Z. H. Sun [S3] in the case a = 1. Note 
that 

fc3 (?) 3 - (-!)**» (-y 2 V = t^f7 3/ ?V 6» all * = 1,2,3,... . 



64 k y ; \ k J 8 \k-l. 

So, for any prime p > 5 with p = 1 (mod 4) we have 

P- 1 / o /o\ 3 



j>l) r ( -0 (modp 2 ). 

r=0 V r / 



Since —3/2 = — 2(p + 3)/4 (mod p), the result just corresponds to the case 
x = —3/2 of our following general theorem. 
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Theorem 1.3. Let p > 3 be a prime and let x be a p-adic integer with 
x = —2k (mod p) for some k e {1, . . . , [(p — 1)/3J}. Then we have 



p- 1 /_\ 3 

2 



E(-D"(:)' 



(modp 2 ). (1.16) 



Similar to Apery numbers, the central Delannoy numbers (see [CHV]) 
are denned by 

«.-E("i 4 )ff)-f:0("; 4 )(-^ 

fc=0 v / \ / fc=0 \ / \ / 

Such numbers arise naturally in many enumeration problems in combina- 
torics (cf. Sloane [S]); for example, D n is the number of lattice paths from 
(0, 0) to (n, n) with steps (1, 0), (0, 1) and (1, 1). 

Now we give our result on central Delannoy numbers. 

Theorem 1.4. Let p > 3 be a prime. Then 
p- 1 /-1\ 

J2 D k= [ — j ~P 2 E p -3 (modp 3 ), (1.17) 
k=o \ P / 

We also have 

P-i 7 

J2^k + l)(-l) k D k =p--p 4 B p . 3 (modp 5 ) (1.18) 

fc=0 

and 

p-i 

J2^k + l)D k =p + 2p 2 q p (2)-p 3 q p (2) 2 (mod/), (1.19) 

fc=0 

where q p (2) denotes the Fermat quotient (2 P_1 — l)/p. 

In the next section we will show Theorems 1.1-1.2 and Corollary 1.5. 
Section 3 is devoted to our proofs of Theorems 1.3 and 1.4. In Section 4 
we are going to raise some related conjectures for further research. 

2. Proofs of Theorems 1.1-1.2 and Corollary 1.5 

We first prove Theorem 1.2. 

Proof of Theorem 1.2. (i) We now consider the first part of Theorem 1.2. 
Set 

My) := $>l) r + PV ) 2 for ke N. (2.1) 
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We want to prove that 

h{y) = {-l) k ^ k \ PV ) (modp 2 ) (2.2) 

for any p-adic integer y and k G {0, 1, . . . , (p — l)/2}. 

Applying the Zeilberger algorithm via Mathematica 7, we find that 

(py + 2k + 2)f k+1 (y) + 4(py + 2k + l)f k (y) 
(p(y-l) + 2k + 3) 2 F k (y) fpy + 2k + 2\ 2 (2-3) 



(py + 2k + l)(py + 2k + 2) 2 \ p-1 
where 

F k (y) = U + 34k + 20k 2 -10p-12kp + 2p 2 + 17py + 20kpy-6p 2 y + 5p 2 y 2 . 
Now fix a p-adic integer y. Observe that 

r=0 ^ ' r=0 0<s^r ^ ' 

^B-D'fi- E B^) = i-g(-irt 2p(!,+1) 



s 

r=0 x 0<s^r r=l s=l 

p-1 1 p-1 (p-l)/2 



=i-2 P (y+i)^i^(-ir = i-Kz/+i) E t 

s=l r=s j = l 

_/ i\(p-1)/2/'P- 1 +P2/ > \ / j 2n 
= ("1) (P { {p - 1)/2 ) ( m ° d ^- 

For each fc e {0, . . . , (p-3)/2}, clearly py+2fc+l,py+2fc+2 ^ (mod p), 
and also 

(p(y -l) + 2k + 3) 2 ( W + 2 _\ + 2 ) 2 = (mod p 2 ) 

since (^ +2 ) = +3 ) - (mod p) if < k < (p - 3)/2. 

Thus, by (2.3) we have 

/fc(y) "~ 4(^t 2 2fc+V fc+l(y) (m ° dp2) for/c = '---'^- 
If ^ k < (p- l)/2 and 

W ,) = ( 2 ( fc + l>+™) ( mo d/), 



10 



ZHI-WEI SUN 



then 



py + 2k + 2 k+l f2(k + l)+py\ 

My) - 4(py + 2k + l) [ iJ V k+1 J 

(-10 fe (py + 2k + 2) 2 (2k + py\_ ( k (2k + py\ 2 

Therefore (2.2) holds for all = 0, 1, . . . , (p — l)/2. This proves Theorem 
l-2(i). 

(ii) The second part of Theorem 1.2 can be proved in a similar way. 
Here we mention that if we define 

9k(v)--=Y,( k + Py ) 2 forfcGN (2.4) 

r=0 V r / 



then by the Zeilberger algorithm we have the recursion 

(py + k + l)g k +i(y) ~ 2(2py + 2k + l)g k (y) 

(p(y - 1) + k + 2) 2 (3py - 2p + 3fc + 3) Ajy + fc + 1\ 2 
(py + /c + l) 2 V p-1 / " 

It follows that if k e {0, ... ,p — 2} and y is a p-adic integer then 

_ /2(/c + 1) + 2py\ 2 
9k+i(y) = ( fc + 1 I (modp ) 

(2k + 2py\ 2 
=>• 9k{y) = I fe I (modp ). 

In view of this, we have the second part of Theorem 1.2 by induction. 
The proof of Theorem 1.2 is now complete. □ 

Proof of Corollary 1.5. Observe that 

p-l p-l p-l / x 2 p-l p-l-k . x 2 

E- = EftE0 -E^ E fc l J 

n=0 fc=0 n=k V 7 fc=0 J=0 V 

IfO^k^p — 1 and p — k ^ j ^ p — 1, then 

A+J'\ (fc+j)! _ n , , , 

( it J = ^r = ° (modp) - 



(2.5) 



Therefore 



p-l p-l p-l n .x 2 p-l p-l / x 2 

E—EftECD =EE 

n=0 A;=0 j'=0 V ' k=0j=0 
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where Xk = —k — 1 = p — 1 — k (mod p). Applying Theorem 1.2(h) we get 

n=0 fc=0 v ^ 7 fc=0 v 7 

So it suffices to show that for any n G Z + we have 

|(-i)'( 2 r + 'i) c ' =L <2 - 6) 

We prove (2.6) by induction. Clearly, (2.6) holds for n = 1. Let n be 
any positive integer. By the Chu-Vandermonde identity 




(see, e.g., [GKP, p. 169]), we have 




This concludes the induction step. We are done. □ 

Now we can apply Theorem 1.2 to deduce the first part of Theorem 1.1. 



x k 
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Proof of Theorem l.l(i). Let £ G {±1}. Then 

E = E«"E ™t ft 

m=0 m=0 fc=0 V / \ / 

P- 1 /o, \ 2 P-1 / , x 2 

=E © **E< 2 + / 

fc=0 v 7 m=fc v 

fc=0 ^ 7 r=0 

P-1 / 7\2 p-l-k , x 2 

=E( *) **** E £ -Y p - 1 - 2 *- p 

fc=0 ^ 7 r=0 ^ 

Set n = (p - 1) /2. Clearly ( 2 fc fc ) = (mod p) for A; = n + 1, . . . , p - 1, and 
'p - 1 - 2k - p\ _ fp - 1 - 2/c N 



(mod p) 

r y \ r 
if ^ k ^ n and p — 1 — 2k < r ^ p — 1. Therefore 

m=0 fc=0 ^ 7 r=0 ^ 7 

Similarly, 

P-1 P-1 L m / 2 J / \ 2 /rw\ 2 



P P L"V^J / \ ^ /OTA ^ 

j: e -w„(«) = i: «» e uj m <«> 

m=0 m=0 fc=0 \ / \ / 



fc 



fc=0 V 7 m=2fc v 

fc=0 ^ 7 r=0 V 

-E(T) 2£V E^( 2(,, ?^) 2 < mod ^' 

k=0 ^ 7 r=0 V 



So we have 

p— l p— i 



p— -i p— » /OlA 

£ £™A m (x) = £ £ m W m (£x) = E ( J ( m ° d A 

m=0 m=0 k=0 ^ 7 

(2.7) 
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where 

p-i 



r=0 ^ ' 7 



Applying Theorem 1.2(i) we get 

s k (-u .(-1)-' ( 2<n - *> - ») = (-1)-' (~ 2k ; 1 

\ n — k J \ n — k 

n + k\ fn + k\ ( 2 ?) , 2 
1 - ! 1 - (mod /r ). 



n-kj \ 2k J (-16) 

(The last congruence can be easily deduced, see. e.g., [S2, Lemma 2.2].) 
Combining this with (2.7) in the case e = — 1 we immediately obtain (1.3). 
In view of Theorem 1.2(h), 

Recall that (^)(-16) fc = ( 2k ) (mod p 2 ). So, in view of (2.7) with e = 1, 
we have 

m=0 m=0 fc=0 V 7 \ V / 

n /4/c-2pW2fc-p\ 2 

=16 p-i £ 1 2k 2 )[ k k ) x n ~ k (mod p 2 ) 

fc=0 

If x is a p-adic integer with x ^ (mod p), then 



n (4k-2p\ (2k-p\ 2 

^ "~ 256 fc 



fc=0 

\ n (4k\(2k\ 2 / \ p-1 / 4fc \ 

pjZ, (256x) , " jfcS (256a;)* ^ Pj ' 
and therefore (1.4) holds. □ 

Lemma 2.1. Let fcsN. Then, for any n G Z + we /iawe £/te identity 

m=0 v 7 1 \ / 
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Proof. Obviously (2.8) holds when n = 1. 

Now assume that n > 1 and (2.8) holds. Then 



n . 

£(2m+l)( 

m=0 ^ 



m + k x 2 



2k 

(n-kf (n + k\ 2 . Jn + k^ 2 

Wf( 2fc ) + < 2 - +i >( 2fc 

(n + A; + l) 2 fn + k\ 2 (n + 1 - k) 2 f (n + 1) + k 



2k + 1 \ 2k J 2k + 1 V 2k 

Combining the above, we have proved the desired result by induc- 
tion. □ 

Lemma 2.2. Let p > 3 be a prime. Then 



E ^ = -^-3 (modp 2 ). (2.9) 



M(p-l)/2 



Proof. Observe that 



^ (-l) fc _1 ^ / (-!)* (-I)p- 1 -* 
^ 2fc+l 2 ^ V2fc + 1 (2(p-l-fc) + l) 



fc/(p-l)/2 kjt(p-l)/2 

p-1 



(-1)' 



P ^ (2fc+l)(2fc+l-2p) 
M(p-i)/2 

fc=0 ^ 7 

So we have reduced (2.9) to the following congruence 

J2(-l) h (k + ±Y =4E p - 3 (modp). (2.10) 

fc=0 ^ 7 

Recall that the Euler polynomial of degree n is defined by 

n — k 



*(*>=eC;)£H)' 

fc=0 v 7 v 7 
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It is well known that 

E n (x) + E n (x + 1) = 2x n . 

Thus 

p-1 / 1 \ p-3 



k=o ^ ' 
p— 1 

= E ((-!) fc ^-3 ( k + l)- (-!) fc+ %-3 (* + 1 + \ 

k=0 ^ ^ ' ^ 

=^- 3 (i)-(-i)^_ 3 (p + i) 

=2E P -3 Q) = 2^ = 8B P _ 3 (mod p) 

and hence (2.10) follows. We are done. □ 

For each m = 1, 2, 3, . . . those rational numbers 

#£ m): = E ^ (- = o,i,2,...) 



are called harmonic numbers of order m. We simply write H n for Hn . 
A well-known theorem of Wolstenholme asserts that H p _i = (mod p 2 ) 

and H p _ 1 = (mod p) for any prime p > 3. 
Lemma 2.3. Let p > 3 be a prime. Then 
(p-3)/2 (2 ) 

E 2fcTl^-I^- 3 ( mod ^- ( 2 - n ) 

fc=0 

Proof. Clearly, 

By [ST, (5.4)], YT=\ H k/k 2 = B p _ 3 (mod p). Therefore 

P-l rr(2) p-1 1 fc p-1 „ „ 



fc=l ^ fc=l fc J = l J i=l 

P-1 ^ P-1 1 

E TT + E Ts = - B P~3 ( mod P)- 



k 2 ^ k 3 

k=i k=i 
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On the other hand, 

p-1 „(2) (p-l)/2 / „(2) o-(2) 

^ k ^ \ k v-k 

k=i k=i \ y 

(p-l)/2 / ( 2 ) „ „(2) \ (p-l)/2 „(2) 

- k ' H P~1 - H k-1 \ _ „ V- „(3) , , x 

fe=i V / fc=i 

It is known (see, e.g., [SI, Corollary 5.2]) that 

(p-i)/2 

< 3 -d/2= E f = - 2 ^- 3 ( mod ^)- 

fc=l 

So we have 

(p-l)/2 ( 2 ) /P -1 „(2) X p OR o 

H k -~ 1 (X^ H k ,o-(3) \ _ -Bp-3 - _ 3 

k=l v fc=l 7 

Clearly 

1 (p " 1)/2 / I 1 \ 1 



Observe that 

(p-3)/2 ( 2 ) (P"3)/2 ( 2 ) (P"l)/2 rr(2) 

V k = V * V ^(p-l)/2-/, 

Z^ 2fc+l Z, p-1 -2k 

k=0 k=0 1 A:= 1 

(p-1)/2 , , k-1 



= ~2 E ^^( ( p 2 -i)/2-E ((p _ 1)/2 _ j)2 J 

(p-l)/2 fc-1 (p-l)/2 , fc x 

= 2 V -V - = 2 V I/V 2 )-V— ^] 

- fe (2j + 1) 2 ~ ^ jfel 2fc Z ^(2j') 2 / 

fc=l j=o v J ' k=l v j = l v •" 7 

(p-l)/2 ^( 2 ) 1 (p-l)/2 ^(2) 

= 4 E E -r- ( mod ^) 



and 



(p-l)/2 ( 2 ) p-1 fc p-1 

2k Z^ k ^ j 2 ^ k 3 ^ j 2 k 

k=l k=l j=l J k=l l^j<k^p-l J 

2\k 2\k 2\k 

= 1 H (p-D/2 ~ l B P~3 Pan P> (2-4)]) 



1 3 

= g(- 2S p-3) - g 5 p-3 = -g S P"3 ( mod P)- 



SUMS OF APERY POLYNOMIALS AND RELATED CONGRUENCES 17 



So we finally get 

(p-3)/2 H ( 2 ) 



This concludes the proof of (2.11). □ 

Proof of Theorem 1.1(h). (i) Let n be any positive integer. Then 

n — l n—l m / , T \ 2 /^ T \ 2 



E (*» + d^w = E (*» + i)E ( m 2 t 1 (?) 

m=0 fc=0 ^ / \ / 

n — l /ni \ 2 n—l 

Em ^E( 2m+i ) 

fc=0 ^ 7 m=0 



-£(?)'^("i*V (M,e), 

1 (n — /c) 2 fn\ z /n + k\ 



=E 



2/c + l U/ V & 

fc=0 



Since 



(?x \ ( n — 1 \ 
k ) = U \ k J f°r all /c = 0, . . . , n — 1. 



we have 

n—l n—l / lN r / \ / ,r\2 



m=0 fc=0 V 7 1 \ / \ / 

/n - 1\ ra - Jfe /n + k\ (2k\ (n + k\ 



fc=0 
n-1 



n - 1\ (n + k\ t n + k \ 
k { k \2k + l \k. 



=E 

fc=0 

This proves (1.5). 

Now we fix a prime p > 3. By the above, 

m=0 fc=0 V 7 V 7 

For fe G {0, . . . ,p — 1}, clearly 

V) 2 CT) 2 =n -^) 2 = n 

7 v 7 0<j^fc v J J 7 CKj^fc v J 



II (l - 2 4) - 1 - 2P 2 < (mod^). 
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Thus (2.12) implies that 

J2(2m + l)A m (x) = J2^-j(l-2p 2 H^)x k (mod p 5 ). (2.13) 

m=0 fc=0 

Since H^ p _ ± y 2 = (mod p), taking x = — 1 in (2.13) and applying 
(2.10) we obtain 

£ (2 m+ l Mro (-l) , JJ EJLJ- s [ 'I j - P ^- 3 (mod p<) 

m=0 A;=0 

and hence (1.7) holds. 

Now we prove (1.6). In view of (2.13) with x = 1, we have 

£ (a™ + ^ 2(p _g /2 + 1 (i - V<» 1)/2 ) 

^ ^ I 2fc + 1 2(p - 1 - fe) + 1 

(p-3)/2 

-p ^^ (p _ 1)/2 + ^ ^ (2fc + l)(V_( 2 fc + l) 2 ) 



A;=0 



.3^(2) ^3 ^ 2p + 2fc + l 

k=0 



(p-3)/2 



^ \2A; + 1 2p-(2fc + l) 

(p-3)/2 (P"3)/2 (2) 

A;=0 A;=0 

By [SI, Corollaries 5.1 and 5.2], 

= HpB p _ 3 (mod/), H^_ 1)/2 = 7 - P B p _z (modp 2 ), 

(P"3)/2 o-(2) 

^ (2fcTTF ~ p_1 4^ = 12 Sp - 3 (m ° dp) ' 

and 

(P"3)/2 jy(3) 

V 1 - j-f ( 3 > J1 (p-i)/2 _ n -2B p s _ B p _ 3 
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Combining these with Lemma 2.3, we finally obtain 

p-i 



J2(2k + l)A k =p - 2p 37 -pB p . 3 - - 2p 3 ^B p _ 3 - 4/ (-\b p ^ 

k=0 ^ ' 

7 

=p + -p 4 Sp_ 3 (mod p 5 ) 

So far we have proved the second part of Theorem 1.1. □ 

Part (iii) of Theorem 1.1 is easy. 

Proof of Theorem 1.1 (iii). As A = 1 and Ai = 3, the desired congruence 
with p = 2 holds trivially. 

Below we assume that p > 2. If k e {0, 1 . . . ,p — 1}, then 

gr'.r-o'r 

Thus 



p—i p — i 

£(2* + 1)^ = £(2(p - 1 - k) + l)^" 1 -^™ x _ fc 

fc=0 A;=0 

P-1 

= -^(2fc + l)e fc A^ (modp) 

and hence we have the desired congruence. □ 

3. Proofs of Theorems 1.3 and 1.4 
Proof of Theorem 1.3. Define 

w k (y) :=J^(-iy ( PV ~ 2k Y f °rfceN. (3.1) 

r=0 V r / 

We want to show that Wk(y) = (mod p 2 ) for any p-adic integer y and 

fce{i,...,L(p-l)/3j}. 

By the Zeilberger algorithm, for k = 0, 1, 2, . . . we have 

(py - 2/c) 2 «; fc (y) + 3(3py - 2(3A; + l))(3py - 2{3k + 2))w k+1 (y) 

P{k,p, y)(p{l -y) + 2k- l) 3 (py - 2k\ 3 ( 3 - 2 ) 



(py - 2k) 3 (py - 2k - l) 3 \ p - 1 
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where P(k,p, y) is a suitable polynomial in k,p, y with integer coefficients 
such that P(0,p, y) = (mod p 2 ). (Here we omit the explicit expression 
of P{k,p,y) since it is complicated.) Note also that 

(0) = B-ir (; 2 ) 3 = X> + l) 3 = ^±^- = (mod p 2 ). 

r=0 ^ ' r=0 

Fix a p-adic integer y. If y ^ 0, then (3.2) with /c = yields 

3(3py-2)(3py-4)«;i(y) 

_ P(0,p,y)(p(l-y)-l) 3 / _py_ ( p(y — l)+p — l\ 
{pyf{py-lf \P-1\ p-2 J 

and hence w x {y) = (mod p 2 ). If 1 < k + 1 ^ |_(p ~ !)/ 3 J' then b y ( 3 - 2 ) 
we have 

(py-2k) 2 w k (y)+3(3py-2(3k+l))(3py-2(3k+2))w k+1 (y) = (mod p s ) 
since 

An/ - 2fc\ p fpy - 2k + 1\ _ 

{p-i) = pJ^2kTT{ P )=° (modp) - 

Thus, when 1 < k + 1 ^ [(p — 1)/3J we have 

w k (y) = (mod p 2 ) =^ w k+1 (y) = (mod p 2 ). 

So, by induction, w k (y) = (mod p 2 ) for all = 1, . . . , — 1) /3J . 
In view of the above, we have completed the proof of Theorem 1.3. □ 

Lemma 3.1. Let ti£l. Then we have 




\ = (mod p 2 ) 



Proof. By the Chu-Vandermonde identity (see, e.g., [GKP, p. 169]), 

E( fc )( n _ fc ) = ( n ) 

which is equivalent to (3.3). Of course, it is easy to prove (3.3) by induc- 
tion. □ 
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Proof of Theorem 1.4- (i) Observe that 



. 2/c J \ k J \ k J V 2/t 

n=0 n=0fc=0 v / \ / k=Q \ / n=fc 

-g(X*,-,'-r>— "> 

^ /2A;\ /p + AA fc + l /2fc + l\ /p + fc\ 



and thus 



En \^ k + 1 (P + k \( P \_ M \^^_(P~ 1 \(P + k 
u "-2^2k + l{ k J\k + lJ~ P+ f^2k+l\ k J\ k 

n=0 k=0 V / \ 1 / k=l \ / \ 

For fc = 1, . . . ,p — 1 we clearly have 

( p ; ( p t *) = (-^n (i - J) - (-dm <-d 

in particular, 



since H^^^ = (mod p). Therefore 

fc?4(p-l)/2 
P 



' ' -P 2 ^ p -3 (modp 3 ) (by (2.8)). 



This proves (1.17). 

(ii) Now we prove (1.18) and (1.19). 
Let n be any positive integer. Then 



n — 1 n— 1 m - , / -. - 

m + k \ (Ik 



2k \k 



II — 1 ft — ± fib / 

(Zrn + l)(-l) m D n = ^ (2m + £ ( 

m=0 m=0 fc=0 ^ 

=EC)i:(- + »Hr( m 2 ; 1 ) 

fc=0 v 7 m=0 
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By induction, we have the identity 

n-l 



m=0 

Thus 

n-l n-l /r,r\ 

£ (2m + l)(-l) m D m =(-l)"- 1 £ ( ) (n - fc) 



m=0 fc=0 

n-l 



2k 



n\ (n + k 
k 



k=0 

Similarly, 

n— 1 n— 1 m 



-(-ir-t(-*)g)( 

-(-d--£(-; i )(-:*) 



m + k\(2k 
2k )\k 



(2m + l)D m = (2m + 1) ( 

m=0 m=0 A;=0 ^ 



fc=0 v 7 m=0 
n-l 

// 

A i) ' ~" ' A i) 



x><"-<rK£^(Y)(r 

I — n V / i — n 1 \ ' x 



In view of the above, 

p— l p— l 



^(-- )(-^.£cr)('t fc ) 

p-i p-i / i\fc p- 1 i p- 1 

A:=0 fc=l 0<j^A; J j = l J k=j 

(P"l)/2 1 2 7 

E ^ = 1 -T< 2 V" 1 -^ 3s - 3(modp4) 



and hence (1.18) holds. Similarly, 

p— l p— l 



p fp — 1\ fp + k 
k ( k 



P m=0 fc=0 ^ + 1 V 

K P+ P -T 1) ) +p §Tfr( 1 - p2 ^ ) ) (modp5) 
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(We have employed Wolstenholme's congruences = 1 (mod p 3 ) 

and Hp-i = (mod p 2 ).) To obtain (1.19) it suffices to apply Lehmer's 
congruence (cf. [L]) 

^( p _i ) /2 = -2? p (2)+pgJ(2) (modp 2 ). 

The proof of Theorem 1.4 is now complete. □ 

4. Some related conjectures 
Our following conjecture was motivated by Theorem l.l(i). 
Conjecture 4.1. Let p > 3 be a prime. 



(i) If p = 1 (mod 3), £/ien 

p-i ^ 2fc ) 3 



£(-l)^4 fc = £ 1*2- (modp 3 ). (4.1) 



fc=0 fc=0 

If p = 1,3 (mod 8), £/ien 

p— 1 p— 1 / 4k \ 

5> s E^F ( mod p 3 >- ( 42 > 

fc=0 fc=0 

(ii) 7/x belongs to the set 

{1, -4, 9, -48, 81, -324, 2401, 9801, -25920, -777924, 96059601} 
81 9 81 _ 39691 
.256' ~ 16' 32'~~256~ J 

and x ^ (mod p) ; t/ien we must have 

p-l , . p-l / 4fc \ 

A;=0 V ^ 7 £;=0 V ' 



U 



Remark 4.1. For those 

a; = -4, 9, -48, 81, -324, 2401, 9801, -25920, -777924, 96059601, — , 

256 

the author (cf. [Su2]) had conjectures on Ylk=o ik t\ fc)/(256x) fc mod p 2 . 

Motivated by this, Z. H. Sun [S2] guessed Yfk=o (fc,fc,fc,fc)/( 256a: ) fc mod P 2 
for x = —9/16, 81/32, —3969/256 in a similar way. 

Inspired by parts (ii) and (iii) of Theorem 1.1, we raise the following 
conjecture. 
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Conjecture 4.2. For any e G {±1}, to, re G Z + and a: G Z, we /iai>e 

n-l 

^(2A; + l)£ fc yl fc (x) m = (mod re). (4.3) 

fc=0 

If p > 3 is a prime, then 

^( 2 £; + l)A fc =p--p 2 tf p _i (mod/) (4.4) 

fc=0 

and 

p-i 

J2(2k + l)A k (-3) = p (£) (modp 3 ). (4.5) 

fc=0 

Remark 4.2. After reading an initial version of this paper, Guo and Zeng 
[GZ] proved the author's following conjectural results: 

(a) For any re G Z + and x G Z we have 

n-l 

^(2£; + l)(-l) k A k (x) = (mod re). 

fc=0 

If p is an odd prime and x is an integer, then 

^(2k + l)(-l) k A k (x)=p(^^—^\ (modp 2 ). 
k=o \ P / 

(b) For any prime p > 3 we have 

p-i 

^(2fc + l)(-l) fc A fc =p(|) (modp 3 ) 

fc=0 

and 

p_1 4 

£(2* + l)(-l) fc A fc (-2) =p- -p 2 q p (2) (mod p 3 ). 

fc=0 

Recall that for a prime p and a rational number x, the p-adic valuation 
of x is given by 

v p {x) = sup{a G Z : the denominator of p~ a x is not divisible by p}. 
Just like the Apery polynomial A n (x) = X]fc=o (fc) ( & ) xk we define 



n \ / \ 



re \ / n + k \ k 

k - x 



k=0 

Actually D n ((x — l)/2) coincides with the Legendre polynomial P n (x) of 
degree re. 

Our following conjecture involves p-adic valuations. 
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Conjecture 4.3. (i) For any n G Z the numbers 



n-l 



s{n) = \Y(2k + l){-l) k A k ( l - 



fc=0 



and 

n-l 



are rational numbers with denominators 2 2 ^ n! ) and 2 3 ( n - 1 +^( n! ))- i ' 2 ( n ) 
respectively. Moreover, the numerators o/s(l), s(3), s(5), . . . are congruent 
to 1 modulo 12 and t/ie numerators of s(2), s(4), s(6), . . . are congruent to 
7 modulo 12. 7/p zs an odd prime and a G Z + , £/ien 

s(p a ) = t(p a ) = 1 (mod p). 

For p = 3 and a G Z + we aare 

s(3 a ) = 4 (mod 3 2 ) and t(3 a ) = -8 (mod 3 5 ). 

(ii) Let p be a prime. For any positive integer n and p-adic integer x, 
we have 

/ 1 n-l v 

u p (-J2( 2 k + l)(-l) k A k (x) ^min{z/ p (n), v p {Ax - I)} (4.6) 



and 



M - J](2fc + l)(-l) fc ^(^) 3 J > min{z/ p (n), i/ p (4x + l)}. (4.7) 
^ n fc=0 ' 



Motivated by Theorem 1.3, we pose the following conjecture. 

Conjecture 4.4. Let p be an odd prime and let n ^ 2 6e an integer. 
Suppose that x is a p-adic integer with x = —2k (mod p) for some k G 
{1,... , |_(p+l)/(2n+l)J}. Taen we aare 

P-1 / \ 2n+l 

J = ° ( mod ^)' ( 4 - 8 ) 

r=0 ^ ' 
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